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The effect of incorporating a spatially variable effective mass in the Schrodinger equation 
method of resonant tunneling device modeling is investigated. It is shown that inclusion of this 
effect can produce an order of magnitude difference in the calculated peak current density of 
the static current-voltage (1- V) curve for the resonant tunneling diode. Results for a particular 
Ino.SJ Ga0.47 As-AlAs structure show that much better agreement between theory and 
experiment is obtained by including this effect. Also, comparison of transient results for an 
1n0.53 G8.0.47 As-lno.52 AlO.4S As structure shows a significant change in the diode switching 
transients. 
The state of the art of resonant tunneling diode model-
ing is such that good agreement between calculated and ex-
perimental results is difficult to obtain. Analyses using ener-
gy eigenstates obtained from the time-independent 
Schrodinger equation typically underestimate the bias vol-
tage at which peak current occurs and overestimate the 
peak-to-vaHey current ratio.l-4 Wigner function calcula-
tions present severe numerical difficulties that have not yet 
been overcome." 
In this letter, the effects of including different effective 
masses in the Schrodinger equation corresponding to the dif-
ferent material layers of the device are investigated, The 
method of including variable effective mass is to maintain 
continuity of (lIm* )otf;lax in the finite difference approxi-
mation of Schrodinger's equation, which maintains current 
continuity within the envelope function approximation. 5•6 
(To simplify the calculations, effective mass variations in the 
x direction only are included, so that variations in transverse 
energy do not appear for energy eigenstates.7 ) This method 
is expected to work well when smoothly matched envelope 
where irefers to meshpoint i. In Eg. (3), effective mass value 
mr is taken to be the effective mass midway between mesh-
points i and i + 1, so that the effective mass values are speci-
fied on a staggered mesh with respect to wave function and 
potential energy values. 
Collecting terms yields the following discrete equation 
for advancement to the right: 
(
Zm7'Ax2( V, - E) mf ) 
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fz2 mT_ J 
mf , 
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m'_l 
or for advancement to the left: 
(4) 
functions are appropriate boundary conditions. However, 
for large discontinuities in effective mass a more complex 
treatment may be required. R.9 Results for 
IUo.53 Gao.47As-AIAs and IUo.53 Ga0.47As-Ino.n AIQ.4sAs 
structures are presented. 
The time-independent Schrodinger equation including 
spatially variable effective mass is taken to be 
- fP ~ (_1_ a¢(x) ) = (E _ V(x)}lj!(x). (1) 
2 ax m*{x) ax 
The current density for the quantum state 1/1 is given by 
J(x) = _ qfz Im(tf;*CX ) 1 a¢(x)) . 
m*(x) ax 
(2) 
Multiplying Eq. (1) by if*' and subtracting the complex con-
jugate of the resulting equation, it can be shown that a solu-
tion tf;(x) of Eq. (1) will have J(x) constant with x. To 
preserve current continuity in the discrete form ofthe equa-
tion, the following finite difference form of Eq. (1) is used: 
(3) 
(5) 
Using Egs. (4) or (5), it can be shown that constant 
current is maintained if the foHowing discrete expression for 
current density is used: 
J - .¥. I [1/J"J' ( 1 VI, + \ - tP, 
i - - qTt m 2 m* Ax 
I 
+_1 tf;,-¢, -I)]. 
mT_ I A.x 
(6) 
2631 AppL Phys. Lett. 55 (25),18 December 1989 0003-6951/89/512631-03$01.00 @ 1989 American Institute of Physics 2631 
Equations (4) and (5) may be regarded as extensions of the 
equations given in Ref. 3 for the uniform effective mass casco 
A similar modification is made to the spatial derivative term 
in the time-dependent equation to calculate the transient re-
sponse. 
Figure 1 (a) shows the experimental dc current-voltage 
(I-V) curve for a 24 A AlAs barrier-44 A In053Gao.47As 
wen pseudomorphic structure at room temperature; the ex-
perimental peak current density is -15 kA/cm2 • These de-
vices were grown by molecular beam epitaxy at a tempera-
ture of 500°C and a growth rate of O.611.mlh. Mesa diodes 
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FIG. 1. (al Experimental I-V curve for a 24 A AlAs barrier-44 A 
In" Ii Gao 47 As well structure, (b) calculation using uniform 
m* = O.042m", and (c) calculation using m* = O.1Sm" in the AlAs bar-
riers. 
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were fabricated using conventional lithography techniques. 
Nonalloyed ohmic contacts of NilGe/Au/Tii All were 
used. 10 
Figure 1 (b) shows a calculated J- V curve fer which a 
uniform effective mass of m* = O.042mo' the Ino.53 Ga0 .47 As 
value, was used. In this calculation the assumed barrier dis-
continuity was the r value of 1.2 eV. Undoped spacer layers 
of 50 A were placed adjacent to cach barrier, and concentra-
tions outside the double-barrier structure were calculatcd 
using the Thomas-Fermi method. 1\ Even with such a large 
barrier discontinuity, the calculated peak current density of 
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FIG. 2. 1· V curve calculated for 23 A Ino" AI"4K As barrier-44 A 
In" "GaCl .• " As well structure (a) with unifornl m*~~~ 0.42m", (b) using 
m* c. O.075m" ill the oarriers, and (cl compmison of turnoff transients 
with unif,xm (solid curve) and variable (dashed curve) effective mass. 
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357 kA/cm2 is over an order of magnitude larger than the 
experimental value. Figure 1 (c) shows a calculation with 
m" = a.15mo' the bulk value for AlAs, used in the barrier 
regions and m* = O.042mo outside. The effective mass dis-
continuity decreases the calculated peak current density to 
9.3 kA/cm2 , much closer to the experimental value. Since it 
is unrealistic to assume that the effective mass changes 
across a single meshpoint to the bulk AlAs value as is done 
for the results in Fig. 1 (c), it is expected that this calculation 
underestimates the peak current density. The current peak-
to-valley ratio is increased from 65 in Fig. 1 (b) to 3120 in 
1 (c); the fact that phonon and electron-electron scattering 
are ignored in the quantum mechanical calculation for cur-
rent may explain why the calculated peak-to-vaHey ratios 
are much higher than the experimental value of 24 in 1 (a). 
The overall effect of introducing variable effective mass 
observed by comparing Figs. 1 (b) and 1 (c) is similar to the 
effect expected from increasing the barrier height for the 
uniform effective mass case, This behavior was pointed out 
in Ref. 12 from a study of the tunneling transmission coeffi-
cient in the GaAs-Alx Gal _ x As material system. Increas-
ing the barrier height is expected to reduce the peak current 
density, increase the current peak-to-vaHey ratio, and de-
crease the device switching speed. 3 
Figure 2 (a) shows the static J- V curve calculated for a 
23 A Ina.52 Alo4~ As barrier-44 A In0.53 GaOA7 As weB struc-
ture assuming a uniform effective mass of m'" = O.042mo' 
the bulk Ino.5., G8.0.47As value. Figure 2(b) shows the result 
using variable mass with m* = O.075mo in the barriers. 
(Since time-dependent calculations are alSO performed for 
this structure, the self-consistent potential is not induded in 
these results.) In this case the assumed barrier discontinuity 
is 0.53 eV, less than half the discontinuity for the structure of 
Fig. 1. In addition, the effective mass discontinuity is 
smaner. It is seen that the reduction in peak current density 
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is smaller for this case, although a factor of 2 is still obtained. 
Figure 2(e) compares the switching transients from peak-
to-valley current points for the uniform (solid curve) and 
variable mass (dashed curve) cases. (The initial oscillations 
are due to reflections between the barriers of electrons inside 
the quantum weB. 3 ) As expected, a decrease in switching 
speed is observed when the effective mass discontinuity is 
included. (Since this method does not include scattering and 
underestimates the valley current, it is expected that the ac-
tual reduction of switching speed is less.) This effect should 
become more important as the effective mass discontinuity 
increases. 
A method of including variable effective mass in the 
solution of the time-independent and time-dependent Schro-
dinger equations within the envelope function approxima-
tion for resonant tunneling diodes has been presented. It was 
shown that inclusion of this effect is important for accurately 
predicting peak current densities and switching speeds for 
these devices. 
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